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XXXVL ji lyifqmjimn comtrning mrtain 
Fluents^ Mhich are affignahk by the Arcs 
of the Conk ^e&km : wherein are mvefii-- 
gatea fome new and ufeful 7&«r«». for 
computing' fuch Fluents t By John Lan- 
den/ jR R. S. 



lead June 6, 1i yTll. Mac Laurin, in his Treatife of 
1 771- \y/\ Fluxions, has pvtti fundry very 
elegant Theorems for coi»pwtiiig me Fluents of cer- 
tain Flexions by means of Elliptic and Hyperbolic 
Arcs J and Mr. D'AIemhert, in the Memoirs of the 
Berlin Academy, has made tome improvement upon 
%vhat had been before written on that fubjed. But 
fome of the Thecwrems given by thofe Gentlemeiti 
iein|; injpart e^prefled by the difFerenee between 
^n Arc of an Hyperbola and its Tangent, and fuch 
difference being not diredly attainable, when fuch 
Arc and its Tangent both become infinite, as they 
will do when the whok Fluent is wanted, although 
fuch Fluent be at the fame time Unite \ thofe The- 
orems therefore in that cafe fail, a computation 
thereby being then impradicable, without fome far- 
ther help. 

The ftipi^ying that defe<^ I confidered as a pdint 

of fpme importance in Geometry, and therefore I 

3 earneftly 







^Sa^/re^t^r 
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earneftly wlfhed, arid endeavoured, to accomplifli 
that bufinefs j my aim being to afcertain, by means 
of fueh arcsj as above-mentioned, the Limiit of the 
difference between the Hyperbolic Arc and its Tan- 
gent, whilft the point of contact is fuppo{ed to be 
carried to an infinite diftance from the vertex of the 
curve, feeing that, by the help of that Limits the 
computation would be rendered pradicable in the 
cafe wherein, without fuch help^ the before-men*. 
tioned Theorems fail. And having fucceeded to my 
fatisfadion, I prefume, the rcfult of my endeavours, 
vsrhich this Paper contains, will not be unacceptable 
to the Royal Society^ 



I. 



Suppofe the curve ADEF (Tab.XII. iig. i.) to 
be a conic Hyperbola^ whofe femi-tranfvcrfc axis AC 
isrr:;!^, and femi-conjugate r=in. 

Let CP, perpendicular to the tangent DP, be 

7. t A% 

called p 5 and put /= ■ ^ ■ ~" ., z rs= ?~. Then fas 
is vrcll known) will DP -^ AD be = the fluent of 



i. 1 



^ ^ -^ — J p and ^ being each z:!z to m when 
A D is =x <?* 



2. 



Suppofe the curve adefg (fig. 2.) to be a qua* 
drant of an EUipJts^ whofe femi-tranfverfe axis eg is 

i-rs s/fn" 4- n'i and femi-conjugate ac = ftk Let 

Q^q a ct 
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t be perpendicular to the tangent dt, and let the 



abfcifla cp be =:«x 



m 






m% 



la^ 



:2;ent d t be = ^ x . 



jvili be found 






Then will the faid tan- 



; and the fluxion thereof 



1 1 



^?T-^») 






V/?* + 2/» — ^'' 



yq-'^y 



In the expreflion _^ — , 

« + /»>' r X c + dy\ 

be fuppofed = z. Then will ~^ be 
the propofed expreflion will be 



7. Jet 



^ ^ 



TJ I-'---* X ai-'fs 



« 



tfa — ^«^"-^ K ^ — i^ali+i?--''--^ 



c + dy 

— n il |i " 

;^, and 



Taking, in the laft article, r and s each 






? 



., tf = — ^=: — , ^ = I, and f = «% we have 

m 



f-y 



n 

m 



+ ;' 



I. 
% 



m 




X 

m^ «— 



Vw* + 







»* + w»V 



It 
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It appears therefore, that, y being =: «* x ;jrx^' 



which, by Art, 2* is =iiht fluxion of the tang. dt. 

Confequently, taking the fluents, by Art. i, and 
correcting them properly, we find 

DP-^AD^.FR^AF = L4-dt. 

I I — \§ 

CP, infig^i. being =:;^^%^ ; cp, infig,2.=«x^ j 



1 1 



CR, perpendicular to the tangent FR = m^y 
DP — AD == the>^;?/ of - ^^J^-^ ^ 

FR — AF = the fluent of - ^"^y^y > 

V«^ + %fy — / 

and X the Limit to which the difference D P — A D, 
or FR — AF, approaches, upon carrying the point 
D, or F, from the vertex A ad infinitum^ 



Suppole y equal to 2;, and that the points D and F 
then coincide in E, the points d and p being at the 
fame time in e and q refpedively. Then c v being 
perpendicular to the tangent ev, that tangent will 

be a maximum and equal to eg -- ac zn ^wt-^rn^^ n ; 
the tangent EQJin the hyperbola) will be=V;s«^4-«% 

the 



.,., ■i » . - .I I I i n ii n «lwi i ii<iiiii m ii» 

the abfcifla BC =^ </ i + . . .L i i th@ ordinate 



HMMMMMHUHMIMIMaiiMM 



BE = ;z X tK -os^^j and it appears, that 

L is :r!: 2EQ^-~2 AE -- ev 2^^ + a/;^"^V— 2 AE ! 
Thus the Limit which I pr^psfed to afcertain is in«& 
veftigated, m and ^ being any right lines whatever! 

The wkk fimnt of 1^^^^ ,.„ , ^ generated 

whilii ^ from (? becomes = ^, being equal to jL; 
and the fluent of the fam^ fluxion (juppafing it to 
begin when^ t begins) being in general equal to 
JL J^ AD -«^ DP = FR — AF ** dt \ it appears^ 
that, k being the value of % correfponding to the 

fluent L + AD^DP, "^ifZJ^vM be the value 

of 2t correfponding to the fluent I. 4^ AF **- FR, 
and FR -~ AF will be the part generated whilft % 

from ^v ~^ i becomes =2 m. It follows therefore, 
that the tang, dt, together with the fluent of 

jvr -,^,'^^'^''^1 ^;^, generated whilfl: i^ from a becomes 
equal to any quantity hy is equal to the fluent of th# 
fame fluxion generated whilft ^ from f .^ . . -7^ ^^-^ ^^* 



conat €r 2s= ;yf 5 c p being taken ss ^ K 



1:1 



m 



Suppoft 
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Smpok k =: ""f r''!^ its value wlH then be 
^ a/ m'' -{- n^ — ~. Confequently the ftaent of 



m ' m 

1 I 

<N<>|^U» — ■waMh K Jp f iiiMiMii n wi*— I ■wwi«iii j »i<riiiywy|i<>p>gi^^ 



, &enerated whilfl: « from o beccmaes 

-\/^/ 4- /?* — ^, together with tho quantity 



iiiiii 1*1 



y/;^^ ^« z^'' — n^ is equal to the fluent of the fame 
fluxion generated whilft z from -^ ym"' ^ n^ —^ 1. 

becomes =: mi and thefe two parts of the ^vi^ok 
jluent being denoted by M and N refpedively ; 

M will be ^ ^ — AE, and N =2= V^^ + rt — AE. 



1 1 



The fluent of i^^^^^ being E4-AD-DP, 

the fluent of ±L!li^ +DP- AD-L will be=a.. 

Therefore, the fluent of ^--^^——zri.. + tbe fluent of 






» »^ 



^,"'"^"'''"^" being = the fluent of i^'^i x^^±^ 



it is obvious, that the fluent of -^ f ^ ^ ^ — - is 

= DP^AD^Z.4* the fluent of iJ5~*;2^x^l^^-^f 

= DP 
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D P — A D — L -f the elliptic arc dg (fig. 2.) 



m 



whofe abfcifla cp is ==: ;? x 

Confequently, putting E for | of the periphery 
of that ellipfis, it appears that the whole fluent of 



jf »w""2 M" «>«""Z 



- ' ,^ ' ,, , u ,, ,,-, ■ . , generated whilft z from o becomes 

=;;?, is equal to£»— I/i=£+2AE-.«— ^^""4"^'* 

8. 

By taking, in Art. 3. ^, r, and 5, each = ii 
and a zm -^ d =:\ b =: I, and c = n^ ; we find, 

that, if y be =s — -^ , ... , ==+ >,—!—z. — ^^ 

will be zr 0. 

It is obvious therefore, that the fluent of 



^ — I — " ^ ■ , generated whilft % from becomes 
equal to any quantity k, is equal to the fluent of the 
fame fluxion, generated whilft z from ^^ .17^^^ ^^' 
Gomes = m. 

Now, fuppofing k = !2^1Z1^, its value v^ill be 



« -f- w^ 



n A I ^ % 2 »* 



Confequently, the fluent of , ^ "^ =ss=j gene- 

fated whilft ;s from e> becomes = !Ls/m'^n"'^^i 

is 
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is equal to half the fluent of the fame fluxion, generated 
whilft % from o becomes = m i which balfjiuent is 
known by the preceding article. 



It appears, by Ar. 4. that 
I i^ 11. 

~===- 4- ^ ^'^ .' f /^ - IS ;:= — the /&iv. of the tang, d t \ 

and it appears, by the lafl: article, that 
11 II 

s/ n'' + 2fy—y'- Vw^ + a/a — J5^ 

»a;2* — /2*j)^ — ff'z — myz being c=: 0. 
Therefore, by addition, we have 



= — xht fluxion of the tangent dt. 

Confequently, by taking the correift fluents, wc 
find the tang* dt (rr the tang* fw) r= the ^r^ 



r 



ad — the arc fg ! the abfciflfa cp being =r ;? x ^1 > 
the abfcifla cr = « x i- > and their relation ex- 



m 



prefixed by the equation n^ — n'^ti^ — n^v'' — nf'u'v^ 
:=:o^ u and i) being put for cp and cr refpeftively. 

Moreover, the tangents dt, fw, will each be =: i^-f^t 

and ct X cwrrcv^rrac xcg» 

If for the femi-tranfverfe axis eg we ftibftitute h 

nftead of ^m" + »% the relation of « to 1; will be 
Vol. LXI. R r expreflfed 
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cxprefTed by the equation 

n^ ^-^vtu!'*^ n^ *y* — /6^ — n'' y, u^ v^ =: o^ and 

IT 2 

dt (=:fw) will be = — IIliL y^uv. 

If u and V be refpedively put for fr and dp, their 
relation will be exprefled by the equation 

h'^b'u^-^h'v'^h' — n^ X u'v'=:o, and 
d t (= f w) will be =: "7"" ' X ^ '^• 



lo, 

Suppofe jv = to Zy (that is, v '=zu) and that the 
points d and f coincide in e. In which cafe the 
tangent dt will be a maxmum, and = eg — ac. 
Jt appears then that the arc ae — the arc eg is 
= c g — a c. 

Confequently, putting JS for the quadrantal arc ag, 

we find that the arc ae is =: —^ — H-f ! 

2 

the arc ^^-=1 ! 

There are, I am aware, fome other parts of the 
arc ag, whofe lengths may be afligned by oceans of 
the whole length (a g) with right lines; but to in- 
veftigate fuch other parts is not to my preient pur- 
pofe. 



II. 

Taking m and n each = i -, that is, ac ( = AC) 

: I, and eg =: ^2 ; let the arc ag be then ex- 

7 prefled 
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preffed by e i put c for | of the periphery of the circle 
whofe radius is i -, and let the %i^i)ok Jluents of 

•--£.L==. and -|====^> generated whilft z from be- 

comes r- I, be denoted by F and G rcfpedively. 
Then, by what is faid above, F 4- G will be = f ; 
and, by my theorem for comparing curvilincal areas, 
or fluents, published in the Philq/l TrmiJaB. for the 
year 1768, it appears that F x G is = f^. From 

which equations we find F = § ^ — | ^^/ — 2 c, 

and G = I ^ 4" i ^* — - 2 ^ , 

But m and n being each = i , L is = F j there- 
fore I 4. ^2 — ^ 2 AE, the value of L, from Art. 5. 

is, in this cafe, = f ^ — ^ f "^e" ~ zc. Confequently, 
in the equilateral k^perbola^ the arc AE, whofe abfcifla 

BCis=:Vi4.4:,,wiUbe==i+4^-i^4-|^?^^^, 

by what is faid in the article laft mentioned. Hence 
the reBiJimtkn of that arc may be effected by means 
of the circle and eUi0$ ! 

The application of thefe Imprwements will be 
eafily made by the intelligent Reader, who is ac- 
quainted with what has been before written on the 
fubje€l* But there is a theorem (demonftrable by 
what is proved in Art. 8,) fo remarkable, that I 
cannot conclude this difquilition without taking no- 
lice of it. 



R r 2 lat 
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X i4r» 



Let Ipqn (%. 3.) be a circle perpendicular to 
the horizon, whofe higheft point is /, loweft n, and 
center mi let ^and q be any points in the femi- 
circumference Ipqn: draw ps, qt parallel to the 
horizon, interfeiling I mn in ^ and /^ and, having 
joined //, pt^ make the angle Ipv equal to Itp^ 
and draw r v parallel to q t, interfering the circle 
in r, and the diameter I mn in v. Let a pendulum, 
or other heavy body, defcend by its gravity from^ 
along the arc pqrni the body fo defcending will 
pafs over the arc p q exactly in the fame time as it 
will pafs over the zt^rn\ and therefore, q t and r v 
coinciding when // is equal to //, it is evident that 
the time of defcent from p to q will then be precifely 
equal to half the time of defcent from/ to n I 

And it is farther obfervable^ that, li pqn be a 
quadrant, the whole time of defcent will be 



a 
J 



X f ^ 4" i ^^* — 2 ^ > ^^^ radius Im^ or mn^ 

being =^ 5 and B being put (for 16 ,\. feet) the fpace 
a heavy body defcending freely from reft falls through 
in one fecond of time* 

In general, ns being denoted by 4 and the diftance 
of the body from the line p s, in its defcent, by ^, 
the fluxion of the time of defcent will be cxprefled by 

= : the fluent whereof. 



2 ad — d"" — 2a — 2d . x — x 



correfponding to any value of ^, may be obtained by 
Art. 7. By which article it appears, that the whole 

time 
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time of dcfcent from any point / will be 



~—-X E + 2AE — pn — ps, 

b^ d^ X %a — d 

The femi-tranfverfe A C (fig. i,) being z=zns i 
thefemi-tranfverfecg(fig.2.) ==«/>; 

and the fcmi-conjugate in each figure =: ps. 

Since writing the above, I have difcovered a ge- 
neral theorem for the reftification of the Hyperbola, 
by means of two Ellipfes ; the inveftigation whereof 
I purpofe to make the fubjed of another Paper, 



Ji«X.XVlI« jj 



